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This paper focuses on the ability to introduce change in the flexural bending stiffness of a multilayered beam. The

multilayered beam comprises a base layerwith polymer layers on the upper and lower surfaces and stiff cover layers.

The flexural stiffness can be reduced by effecting a reduction in the shear modulus of the polymer layers by heating

through glass transition. Stiffer polymer layers strongly couple the cover layers to the base beam and the entire

multilayered beambendsmore as an integral unit. On heating, a reduction in the shearmodulus of the polymer layer

results in its undergoing shear deformation as the base beam undergoes flexural bending and results in the cover

layers decoupling from the base beam. This reduces the overall flexural bending stiffness. A finite element analysis is

developed for the multilayered beam, and after experimentally verifying its ability to predict change in flexural

bending deflection under load with a change in the polymer-layer shear modulus, it is used to conduct parametric

studies. The results of the parametric studies provide broad insights into how the achievable change in flexural

bending stiffness with a change in the polymer-layermodulus varies with design parameters such as themodulus and

thickness of both the cover layers and the polymer layers. Changes in flexural bending stiffness by a factor of over 70

for a clamped–free beam and by a factor of over 130 for a pinned–pinned beam were observed for certain

configuration designs.

Nomenclature

b = beam width
E = elastic modulus
Eb = base-beam cover layer
Ec = cover-layer elastic modulus
Ep = polymer elastic modulus
FG = external load vector
Fmidpoint = midpoint force for a pinned–pinned beam
Ftip = tip force for a clamped–free beam
G = polymer-layer shear modulus
KG = global stiffness matrix
keq = effective flexural stiffness
‘ = beam length
q = nodal displacement vector
qG = global displacement vector
tb = base-beam thickness
tc = cover-layer thickness
tp = polymer-layer thickness
ub = base-beam axial displacement
ucb = bottom cover-layer axial displacement
uct = top cover-layer axial displacement
upb = bottom polymer-layer axial displacement
upt = top polymer-layer axial displacement
wmidpoint = midpoint displacement for a pinned–pinned beam
wtip = tip displacement for a clamped–free beam
�E = ratio of cover-layer to base-beam elastic modulus
�t = ratio of cover-layer to base-beam thickness
�G = ratio of polymer-layer shear modulus to base-beam

elastic modulus
�t = ratio of polymer thickness to base-beam thickness
� = shear angle in the polymer layer

�U = strain energy variation
@w=@x = beam slope

I. Introduction

T HERE has been considerable interest in recent years in the use
of variable-stiffness elements for semi-active structural control.

In the early 1990s, seminal work was conducted in Japan using
variable-stiffness devices for seismic response control [1,2]. These
were hydraulic devices with regulator valves that effectively
activated or deactivated the chevron bracing in the different stories of
a building to minimize the seismic response. In [3], a semi-active
variable-stiffness device was proposed comprising four spring and
telescoping tube elements arranged in a rhombus configuration. The
device stiffness changes by reconfiguring the aspect ratio of the
rhombus using a control rod powered by a dc servomotor.
Reference [4] reports on variables-stiffness telescoping axial truss
members. When a piezoelectric actuator installed on the inside
contracts, the clamp between the two telescoping elements is
released and the axial stiffness goes to zero. Extension of the
piezoelectric actuator clamps the elements to each other and restores
the axial stiffness. The smart spring concept in [5] comprises a
primary spring in the load path and a secondary active spring in
parallel, connected to a piezoelectric stack actuator. On application
of a voltage, the piezoelectric actuator generates a normal force
against a structural sleeve and engages the secondary spring. One of
the disadvantages of systems such as those in [4,5] is that they are
dependent on friction.

Stiffness variation can also be implemented through the use of
smart materials. For example, researchers have demonstrated
stiffness change through capacitive shunting [6] and state-switching
of piezoelectric materials [7,8]. Shape memory alloys undergo
austenite-martensite phase transformations with change in temper-
ature, and Young’s modulus in the austenite phase can be 2–3 times
greater than that in the martensite phase [9,10]. More recently, there
has been a great deal of interest in shape memory polymers (SMPs),
which display large reductions in modulus and high strain capability
at high temperature, but they can store the strains and stiffen by
orders of magnitude when cooled below the glass-transition
temperature [11–13]. The stored strain can be recovered on heating
the polymer. A magnetorheological elastomer is another material
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that exhibits stiffness change: in this case, on application of a
magnetic field [14]. However, relative to SMPs, the stiffness change
is very modest.

References [15,16] examine the use of SMPs formorphing aircraft
wings. Variable-stiffness elements are particularly interesting for
application to morphing aircraft structures, because load-bearing
aircraft structures are required to be stiff under normal operation, but
such structures would require very high morphing-actuation force
and power. The possibility of reducing the stiffness during
morphing, accomplishing shape or form change at low actuation
cost, and reverting to a high-stiffness load-bearing structure for
normal operation is certainly an intriguing idea. Another interesting
recent example of variable stiffness in morphing aerospace
applications proposes the use of rotating spars in adaptive aeroelastic
wings [17]. Reference [18] reports on laminar morphing materials
using SMPs for variable connectivity between stiff elements. Along
similar lines, an experimental study on multilayer beams with
intermediate polymer layers for which the shear stiffness is reduced
using embedded heating is reported in [19]. The reduced shear
stiffness of the polymer decouples the stiff cover layers from the base
beam to reduce the effective flexural bending stiffness of the
multilayered beam.

Depending on the specific application, the stiffness variations
required may either be per cycle or quasi-static. Semi-active systems
with quasi-static stiffness/damping changes are also described as
adaptive-passive systems. A capacitively shunted piezoelectric
material can undergo rapid change in stiffness, but the magnitude of
the stiffness change is relativelymodest. In contrast, a shapememory
polymer can undergo very large changes in stiffness, but because the
stiffness change is temperature-driven, the bandwidth is expected to
be quite low. Such a system, however, would be very well-suited for
applications in which quasi-static, or relatively slow, variation in
stiffness is required.

The current paper expands on the experimental study presented in
[19]. After reviewing the underlying physical mechanism for
enabling flexural stiffness variation of amultilayered beam in Sec. II,
a description of the analytical model for the system developed in this
study is presented in Sec. III. Next, experimental validation of the
analytical results is presented in Sec. IV, followed by parametric
studies in Sec. V.

II. Description of Concept for Beam Flexural
Stiffness Variation

Figure 1a shows a schematic representation of a multilayered
beam with stiff (metal or composite) layers and an intermediate
polymer layer. For the purpose of discussion here, the bottom layer is
referred to as the base beam, and the top layer is referred to as the
cover layer. When subjected to flexural bending, the deformation
mode of this multilayered beam depends strongly on the shear

modulus of the polymer layer, vis-à-vis the base beam and cover
layer. If the shear modulus of the polymer layer is very high, the
deformation is as shown in the schematic in Fig. 1b. The stiff top
layer is coupled to the base beam, and all three layers contribute to the
flexural bending stiffness. Thus, when the polymer layer is stiff, the
multilayer beam behaves like an integral structure with a large cross-
sectional depth and a correspondingly high flexural bending
stiffness. On the other hand, if the shearmodulus of the polymer layer
is low, themultilayered beam deforms as depicted in the schematic in
Fig. 1c. In this case, as the base beam undergoes flexural bending, the
soft polymer layer undergoes shear and the cover layer is decoupled
from the base beam. The beamno longer bends as an integral unit and
its effective flexural bending stiffness is reduced. This principle is
similar to that used in constrained-layer damping treatments [20–30],
in which a stiff cover or constraining layer induces oscillatory shear
in a viscoelastic polymer layer (and dissipates energy) as the base
beam undergoes flexural oscillations. It is then clear that the overall
flexural stiffness of the composite multilayered beam could be
controlled if the shear modulus of the intermediate polymer layer
could be varied.

The shear modulus of a typical polymer reduces significantly with
an increase in temperature. Figure 2 (with data from [31]) shows this
characteristic for a couple of commercially available polymers. At
low temperatures, the polymer is in the glassy state and has a high
shear modulus. As the temperature increases, the polymer’s shear
modulus rapidly decreases. At high temperatures, the polymer is in
the rubbery state and its shear modulus can be several orders of
magnitude lower than the glassy modulus. By varying the
temperature of the polymer layer and correspondingly varying its
shear modulus, the cover layer could be decoupled, to varying
degrees, from the base beam or strongly coupled to the base beam.
Correspondingly, the overall flexural stiffness of the multilayered
beam could be varied.

III. Analytical Model and Solution Scheme

This section describes the analytical model developed and used to
study the multilayered beam. The beam comprises stiff (metal or
composite) layers and intermediate polymer layers. The model is
developed for a symmetric multilayered system with a central base
beam, identical polymer layers attached to the top and bottom
surfaces of the base beam, and identical upper and lower cover layers.
A section of the beam is represented schematically in Fig. 3. The base
beam and the cover layers undergo only normal strains, whereas
the polymer layers also undergo shear strains. The kinematics of
deformation and the strains in each layer are described in Secs. III.A
and III.B, respectively. This is followed by expressions for the strain
energy variation (Sec. III.C), the spatial discretization of the structure

a)

b) c)
Fig. 1 Schematic representation of a multilayered beam and

deformation modes corresponding to high and low polymer shear

moduli.
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Fig. 2 Typical variation in polymer shear modulus with increase in

temperature.
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using the finite element method (Sec. III.D), and calculation of the
effective flexural stiffness (Sec. III.E).

A. Kinematics of Deformation

Figure 3 shows a section of the beam in the deformed
configuration and can be used to obtain expressions for the axial
displacements in the individual layers. The axial displacement in the
base beam is

ub ��z @w
@x

(1)

Axial displacements in the top and bottom polymer layers,
respectively, are

upt ��z @w
@x
�
�
z� tb

2

�
� and upb ��z @w

@x
�
�
z� tb

2

�
�

(2)

and the axial displacements in the top and bottom cover layers,
respectively, are

uct ��z @w
@x
� tp� and ucb ��z @w

@x
� tp� (3)

B. Strains in the Individual Layers

The normal strains in the individual layers can then be obtained by
simply differentiating Eqs. (1–3) with respect to x. These are
available in [20–22]. The transverse shear strain "zx is zero for the
base beam and the cover layers. For both upper and lower polymer
layers, "zx � �.

C. Strain Energy Variation

The strain energy variation with contributions due to flexural and
shear deformations can be written as

�U�
Z
volume

��"xx�xx � �"xz�xz�dV

�
Z
L

0

�Z
cross section

�"xxE�z�"xxbdz�
Z
cross section

�"zxG"zxbdz

�
dx

(4)

In Eq. (4), the polymer layers alone contribute to the shear strain
energy variations. Introducing the expressions for strains in the
various layers into Eq. (4) and evaluating the integrals over the cross
section yields
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Note that the shear modulus and Young’s modulus of the polymer
layers will vary with temperature.

D. Finite Element Discretization

The equations of motion are obtained by using the expressions for
strain energy variation [Eq. (5)] with the principle of virtual work and
discretizing the structure using thefinite elementmethod, as in Fig. 4.
Cubic shape functions are used for the transverse displacement, and
linear shape functions are used for the shear angle, as in [20–23]. The
element degree-of-freedom (or nodal displacement) vector fqg is
defined as

fqg � bw1 �1 �1 w2 �2 �2 cT (7)

Introducing the shape functions into Eq. (5) and integrating along the
element yields the element stiffness matrix given next (this process is
presented in greater detail in [20–23]):

K �

C22�12l3 � C22�� 6
l2
� 0 C22�� 12

l3
� C22�� 6

l2
� 0

C22�4l� � C23

l
C22�6l2� C22�2l�

C23

l
C33

l
� 2Gbtpl

3
0 C23

l
� C33

l
� Gbtpl

3

C22�12l3 � C22�6l2� 0

C22�4l� � C23

l
C33

l
� 2Gbtpl

3

2
66666664

3
77777775

(8)

The element stiffness matrices can be assembled to obtain the
global stiffness matrix. After application of geometric boundary
conditions, the system equations of motion can then be written as

base
beam

tb

tp
tc

polymer
layer

cover layer

dw
dx

shear angle, γ

z

γ

base
beam

tb

tp

tc

polymer
layer

cover layer

dw
dx

shear angle, γ

z

γ

x

z 

Fig. 3 Schematic of a beam section and kinematics of deformation.
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KGqG � FG (9)

E. Calculation of the Effective Beam Flexural Stiffness

Clamped–free and pinned–pinned beams are considered in the
present study. For the clamped–free beams, a static tip force is
applied, and for the pinned–pinned beams, a concentrated static force
is applied at the midpoint. These forces appear in the global load
vector FG in Eq. (9), which can be solved to obtain the beam
displacements qG. The tip displacement of the clamped–free beam
and the midpoint displacement of the pinned–pinned beam are used
to calculate the effective flexural stiffness.

For the clamped–free beam,

Keq � Ftip=wtip (10a)

For the pinned–pinned beam,

Keq � Fmidpoint=wmidpoint (10b)

IV. Validation of the Analysis

Reference [19] describes, in detail, experiments that were
conducted to demonstrate variation in the flexural bending stiffness
of the temperature-controlled multilayered beam. The experiments
are described very briefly in this section, followed by a validation of
the analysis. The experiment consisted of several clamped–free
aluminum and polymer multilayered beams. The polymer layers
were heated with embedded resistive heaters (Fig. 5). To validate the
analysis, the beams’ displacement under a 30 N tip load was
measured as the polymer layer was heated.

The analysis presented in Sec. III is validated for three different
cases. In the first and second cases, the polymer used was a cast
acrylic material (polymer 1), and the thicknesses were 0.125 and
0.25 in., respectively. In the third case, the polymer used was
polyvinyl chloride type I (polymer 2), and the thickness was
0.125 in. The beam length in each case was 4.5 in., and the width of
all sections (base beam, polymer layers, and cover layers) was 1 in.
The aluminum central base layer and the top and bottom cover layers
were each 0.1875 in. thick. Figures 6a–6c show the measured and
calculated beam tip deflections under a 30 N tip load as a function of
increasing polymer-layer temperature. In all three figures, it is

Fig. 5 Close-up photograph of a section of a multilayered beam

showing the embedded resistive heaters in the polymer layer.
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c) Polymer 2, PVC, tp = 2×0.125 in.
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Fig. 6 Beam tip deflection versus polymer-layer temperature under a 30 N tip load.
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Table 1 Clamped–free beam results

�G

�E �t �t 1:E � 06
(�G;min)

1:E � 05 1:E � 04
(�G;max�3)

1:E � 03
(�G;min�3)

1:E � 02 1:E � 01
(�G;max)

Kmax=Kmin Kmax=Kmax�3 Kmin�3=Kmin

0.1 0.01 0.1 1628.8 1632.8 1634.6 1637.9 1668.4 1973.1 1.21 1.21 1.01
0.5 1631.8 1647.9 1659.2 1690.9 1982.6 4895.2 3.00 2.95 1.04
1 1636.4 1672.7 1706.7 1820.7 2885 13,503 8.25 7.91 1.11

0.05 0.1 1642.5 1673.2 1690.2 1698.7 1730.1 2034.8 1.24 1.20 1.03
0.5 1638.1 1705.4 1781.6 1844.2 2143.9 5057.5 3.09 2.84 1.13
1 1641.6 1749.1 1935.1 2136.2 3225.1 13,846 8.43 7.16 1.30

0.1 0.1 1650.4 1716.6 1763.3 1784.3 1818.3 2123.3 1.29 1.20 1.08
0.5 1640.7 1742.7 1914.8 2039.9 2361.4 5278.5 3.22 2.76 1.24
1 1643.8 1784.6 2145.4 2511.8 3667.5 14,300 8.70 6.67 1.53

0.5 0.1 1725.1 2040.8 2577 2933.7 3080.2 3401.5 1.97 1.32 1.70
0.5 1692.2 1907.1 2747.5 3866.6 4811.5 7875.3 4.65 2.87 2.28
1 1692.4 1917.1 3022.5 5153.9 7926.9 19,042 11.25 6.30 3.05

1 0.1 2055.1 2689.7 4251.7 5838.5 6558.7 6973.5 3.39 1.64 2.84
0.5 1990 2314.9 3861.6 6894.1 9977.6 13,719 6.89 3.55 3.46
1 1985.9 2287 3960.4 8325.5 15,207 28,229 14.21 7.13 4.19

2 0.1 4452.4 5977.5 10,953 18,415 23,143 24,347 5.47 2.22 4.14
0.5 4296.5 4902 8315.3 17,110 29,449 37,491 8.73 4.51 3.98
1 4280.9 4769.5 7903.3 17,880 37,907 60,592 14.15 7.67 4.18

1 0.01 0.1 1646.2 1703.6 1744 1762.5 1796.1 2101.1 1.28 1.20 1.07
0.5 1638.8 1732.4 1890.5 2007.1 2325.9 5242.5 3.20 2.77 1.22
1 1642.2 1775.2 2117 2467.3 3616.5 14,248 8.68 6.73 1.50

0.05 0.1 1656 1832.8 2129.8 2313.6 2403.6 2717.2 1.64 1.28 1.40
0.5 1642.4 1789.5 2383.5 3141.6 3843.6 6854 4.17 2.88 1.91
1 1645.3 1818.3 2699 4361.7 6650.7 17,628 10.71 6.53 2.65

0.1 0.1 1663.5 1904 2504.3 3013.9 3257.5 3599.5 2.16 1.44 1.81
0.5 1647 1811.4 2653.2 4200 5730.4 9024.6 5.48 3.40 2.55
1 1649.4 1834 2921 5695.1 10,035 22,012 13.35 7.54 3.45

0.5 0.1 2096.3 2597.7 4834 9569.4 14,496 16,213 7.73 3.35 4.56
0.5 2059.3 2303.9 3888.9 9214.7 21,362 33,344 16.19 8.57 4.47
1 2058.9 2300.6 3933.8 10,145 29,970 6:38E� 04 30.98 16.21 4.93

1 0.1 4984.1 5881.4 10,694 23,458 42,548 50,970 10.23 4.77 4.71
0.5 4914.7 5277.8 7971.5 18,556 47,282 84,450 17.18 10.59 3.78
1 4910.3 5235.6 7754.6 18,684 55,723 1:35E� 05 27.45 17.38 3.81

2 0.1 27,846 29,888 44,089 89,425 1:66E� 05 2:17E� 05 7.78 4.92 3.21
0.5 27,685 28,349 34,201 64,693 1:47E� 05 2:78E� 05 10.04 8.12 2.34
1 27,670 28,192 32,943 60,922 1:52E� 05 3:59E� 05 12.97 10.89 2.20

10 0.01 0.1 1655.1 1865.2 2391.6 2828.7 3040.5 3377.3 2.04 1.41 1.71
0.5 1642 1793.2 2575.5 4002.3 5411.3 8669.6 5.28 3.37 2.44
1 1644.9 1819.5 2857 5498.5 9619.3 21,504 13.07 7.53 3.34

0.05 0.1 1663.8 1945 3275.8 5893.5 8403.2 9:45E� 03 5.68 2.88 3.54
0.5 1647.8 1813.8 2926.7 6674.8 14,829 2:37E� 04 14.38 8.10 4.05
1 1650 1834.2 3092.7 7897.3 23,118 5:11E� 04 30.97 16.52 4.79

0.1 0.1 1695.6 2008.2 3676.5 8117.8 1:48E� 04 1:80E� 04 10.60 4.89 4.79
0.5 1677.3 1852.5 3066.8 7709.4 2:19E� 04 4:21E� 04 25.09 13.72 4.60
1 1679.3 1870 3195.4 8615.5 3:03E� 04 8:32E� 04 49.56 26.05 5.13

0.5 0.1 5752.3 6327.5 10,351 25,749 71,627 1:30E� 05 22.52 12.52 4.48
0.5 5714.5 5972 8122.1 18,742 59,039 1:90E� 05 33.32 23.45 3.28
1 5714 5966.7 8093.7 18,896 63,513 2:67E� 05 46.66 32.94 3.31

1 0.1 34,221 35,223 43,889 87,320 2:09E� 05 4:09E� 05 11.94 9.31 2.55
0.5 34,152 34,530 38,106 62,937 1:58E� 05 4:45E� 05 13.02 11.67 1.84
1 34,149 34,485 37,693 60,978 1:58E� 05 5:20E� 05 15.22 13.79 1.79

2 0.1 2:62E� 05 2:64E� 05 2:84E� 05 4:25E� 05 8:73E� 05 1:65E� 06 6.29 5.79 1.62
0.5 2:62E� 05 2:62E� 05 2:69E� 05 3:27E� 05 6:27E� 05 1:45E� 06 5.54 5.39 1.25
1 2:62E� 05 2:62E� 05 2:67E� 05 3:15E� 05 5:90E� 05 1:49E� 06 5.68 5.56 1.20

100 0.01 0.1 1658.2 1931.8 3426 7343.4 1:31E� 04 1:58E� 04 9.53 4.61 4.43
0.5 1643.4 1804.5 2935.8 7279.5 2:03E� 04 3:89E� 04 23.69 13.26 4.43
1 1645.8 1826 3088.8 8269 2:88E� 04 7:91E� 04 48.08 25.62 5.02

0.05 0.1 1:70E� 03 2:00E� 03 3:83E� 03 1:08E� 04 3:58E� 04 6:87E� 04 40.38 17.92 6.34
0.5 1:68E� 03 1:85E� 03 3:07E� 03 8:35E� 03 3:27E� 04 1:25E� 05 74.28 40.73 4.96
1 1:69E� 03 1:87E� 03 3:19E� 03 8:95E� 03 3:85E� 04 1:98E� 05 117.19 61.91 5.31

0.1 0.1 1988.5 2315.1 4388.7 12,726 49,841 1:31E� 05 65.88 29.85 6.40
0.5 1969.9 2147.6 3468.8 9359.5 37,830 1:86E� 05 94.18 53.48 4.75
1 1971.7 2164.7 3577.9 9872.7 42,345 2:57E� 05 130.42 71.87 5.01

0.5 0.1 42,300 42,905 48,563 85,778 2:27E� 05 6:86E� 05 16.22 14.13 2.03
0.5 42,263 42,526 45,081 65,498 1:61E� 05 5:45E� 05 12.90 12.10 1.55
1 42,263 42,521 45,029 65,232 1:62E� 05 5:84E� 05 13.82 12.97 1.54

1 0.1 3:27E� 05 3:28E� 05 3:38E� 05 4:24E� 05 8:52E� 05 2:06E� 06 6.31 6.10 1.30
0.5 3:27E� 05 3:27E� 05 3:31E� 05 3:66E� 05 6:12E� 05 1:55E� 06 4.74 4.68 1.12
1 3:27E� 05 3:27E� 05 3:30E� 05 3:62E� 05 5:93E� 05 1:55E� 06 4.73 4.68 1.11

2 0.1 2:60E� 06 2:60E� 06 2:62E� 06 2:83E� 06 4:23E� 06 8:70E� 06 3.35 3.32 1.09
0.5 2:60E� 06 2:60E� 06 2:61E� 06 2:67E� 06 3:26E� 06 6:25E� 06 2.40 2.40 1.03
1 2:60E� 06 2:60E� 06 2:61E� 06 2:66E� 06 3:13E� 06 5:88E� 06 2.26 2.26 1.02
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Table 2 Pinned–pinned beam results

�G

�E �t �t 1:E � 06
(�G;min)

1:E � 05 1:E � 04
(�G;max�3)

1:E � 03
(�G;min�3)

1:E � 02 1:E � 01
(�G;max)

Kmax=Kmin Kmax=Kmax�3 Kmin�3=Kmin

0.1 0.01 0.1 26,103 26,148 26,158 26,208 26,695 31,570 1.21 1.21 1.00
0.5 26,191 26,479 26,596 27,073 31,758 78,604 3.00 2.96 1.03
1 26,306 27,036 27,478 29,250 46,617 2:20E� 05 8.37 8.02 1.11

0.05 0.1 26,438 26,989 27,129 27,194 27,683 32,558 1.23 1.20 1.03
0.5 26,361 27,854 29,017 29,685 34,392 81,239 3.08 2.80 1.13
1 26,463 28,971 32,398 34,934 52,393 2:26E� 05 8.54 6.98 1.32

0.1 0.1 26,640 27,978 28,488 28,606 29,101 33,976 1.28 1.19 1.07
0.5 26,440 28,814 31,963 33,196 37,973 84,828 3.21 2.65 1.26
1 26,541 29,937 37,674 42,273 60,025 2:34E� 05 8.80 6.20 1.59

0.5 0.1 28,193 35,977 46,175 48,762 49,557 54,464 1.93 1.18 1.73
0.5 27,434 32,822 54,996 72,220 79,942 1:27E� 05 4.63 2.31 2.63
1 27,464 33,157 66,048 1:11E� 05 1:39E� 05 3:14E� 05 11.43 4.75 4.04

1 0.1 33,939 51,043 89,323 1:04E� 05 1:07E� 05 1:12E� 05 3.29 1.25 3.07
0.5 32,368 40,733 88,917 1:53E� 05 1:74E� 05 2:23E� 05 6.88 2.51 4.73
1 32,284 40,022 96,089 2:23E� 05 2:91E� 05 4:71E� 05 14.58 4.90 6.92

2 0.1 73,594 1:16E� 05 2:69E� 05 3:68E� 05 3:85E� 05 3:91E� 05 5.32 1.46 4.99
0.5 69,793 85,270 1:97E� 05 4:50E� 05 5:55E� 05 6:15E� 05 8.81 3.12 6.45
1 69,434 81,782 1:85E� 05 5:55E� 05 8:16E� 05 1:03E� 06 14.83 5.57 7.99

1 0.01 0.1 26,540 27,700 28,142 28,250 28,744 33,620 1.27 1.19 1.06
0.5 26,393 28,568 31,456 32,625 37,394 8:42E� 04 3.19 2.68 1.24
1 26,503 29,704 37,008 41,441 5:92E� 04 2:33E� 05 8.79 6.29 1.56

0.05 0.1 26,823 31,029 36,541 37,954 38,607 43,499 1.62 1.19 1.41
0.5 26,539 30,159 45,096 56,797 63,512 1:11E� 05 4.17 2.45 2.14
1 26,641 30,964 56,005 9:04E� 04 1:16E� 05 2:91E� 05 10.91 5.19 3.39

0.1 0.1 27,016 32,989 4:64E� 04 5:15E� 04 5:27E� 04 5:77E� 04 2.13 1.24 1.91
0.5 26,657 30,754 54,470 8:61E� 04 9:86E� 04 1:46E� 05 5.49 2.69 3.23
1 26,737 31,386 65,207 1:42E� 05 1:89E� 05 3:67E� 05 13.72 5.63 5.32

0.5 0.1 34,300 4:77E� 04 1:25E� 05 2:27E� 05 2:54E� 05 2:62E� 05 7.65 2.10 6.63
0.5 33,414 39,613 9:30E� 04 3:11E� 05 4:88E� 05 5:66E� 05 16.94 6.09 9.31
1 33,411 39,539 9:58E� 04 4:15E� 05 8:72E� 05 1:16E� 06 34.65 12.09 12.43

1 0.1 81,193 1:05E� 05 2:74E� 05 6:56E� 05 8:08E� 05 8:34E� 05 10.27 3.05 8.08
0.5 79,531 88,539 1:72E� 05 6:44E� 05 1:29E� 06 1:51E� 06 18.94 8.78 8.10
1 79,438 87,482 1:64E� 05 7:11E� 05 1:99E� 06 2:67E� 06 33.63 16.26 8.95

2 0.1 4:50E� 05 5:01E� 05 9:25E� 05 2:44E� 06 3:44E� 06 3:61E� 06 8.02 3.90 5.43
0.5 4:47E� 05 4:63E� 05 6:17E� 05 1:73E� 06 4:26E� 06 5:32E� 06 11.90 8.61 3.88
1 4:46E� 05 4:59E� 05 5:82E� 05 1:61E� 06 5:30E� 06 7:93E� 06 17.76 13.61 3.60

10 0.01 0.1 26,833 32,007 43,607 4:81E� 04 4:92E� 04 5:41E� 04 2.02 1.24 1.79
0.5 26,559 30,312 52,051 8:10E� 04 9:29E� 04 1:41E� 05 5.29 2.70 3.05
1 26,653 31,036 62,943 1:36E� 05 1:81E� 05 3:58E� 05 13.45 5.69 5.09

0.05 0.1 27,075 3:43E� 04 7:61E� 04 1:32E� 05 1:46E� 05 1:53E� 05 5.64 2.01 4.86
0.5 26,705 30,874 6:68E� 04 2:14E� 05 3:34E� 05 4:02E� 05 15.04 6.01 8.00
1 26,766 31,420 7:42E� 04 3:17E� 05 6:68E� 05 9:26E� 05 34.61 12.49 11.85

0.1 0.1 2:76E� 04 3:58E� 04 9:48E� 04 2:28E� 05 2:82E� 05 2:94E� 05 10.64 3.10 8.26
0.5 2:72E� 04 3:16E� 04 7:22E� 04 3:03E� 05 6:24E� 05 7:53E� 05 27.68 10.43 11.12
1 2:72E� 04 3:21E� 04 7:79E� 04 4:03E� 05 1:18E� 06 1:66E� 06 60.90 21.29 14.78

0.5 0.1 93,243 1:08E� 05 2:41E� 05 9:95E� 05 2:04E� 06 2:31E� 06 24.76 9.59 10.68
0.5 92,342 98,646 1:60E� 05 6:81E� 05 2:84E� 06 4:64E� 06 50.30 28.97 7.37
1 92,337 98,521 1:59E� 05 7:07E� 05 3:85E� 06 8:48E� 06 91.80 53.15 7.65

1 0.1 5:52E� 05 5:77E� 05 8:10E� 05 2:49E� 06 6:32E� 06 7:85E� 06 14.21 9.69 4.51
0.5 5:51E� 05 5:60E� 05 6:50E� 05 1:48E� 06 6:18E� 06 1:27E� 07 23.06 19.54 2.68
1 5:51E� 05 5:59E� 05 6:39E� 05 1:40E� 06 6:83E� 06 1:97E� 07 35.68 30.74 2.55

2 0.1 4:22E� 06 4:27E� 06 4:77E� 06 9:02E� 06 2:42E� 07 3:42E� 07 8.10 7.16 2.14
0.5 4:21E� 06 4:23E� 06 4:39E� 06 5:94E� 06 1:71E� 07 4:24E� 07 10.05 9.65 1.41
1 4:22E� 06 4:23E� 06 4:35E� 06 5:59E� 06 1:58E� 07 5:27E� 07 12.51 12.11 1.33

100 0.01 0.1 2:70E� 04 3:41E� 04 8:53E� 04 2:01E� 05 2:47E� 05 2:58E� 05 9.57 3.03 7.45
0.5 2:66E� 04 3:07E� 04 6:79E� 04 2:79E� 05 5:74E� 05 6:96E� 05 26.11 10.25 10.48
1 2:67E� 04 3:13E� 04 7:45E� 04 3:81E� 05 1:11E� 06 1:58E� 06 59.03 21.15 14.27

0.05 0.1 2:77E� 04 3:55E� 04 1:07E� 05 5:11E� 05 1:08E� 06 1:23E� 06 44.33 11.51 18.44
0.5 2:73E� 04 3:15E� 04 7:27E� 04 4:15E� 05 1:87E� 06 3:10E� 06 113.66 42.72 15.20
1 2:74E� 04 3:21E� 04 7:79E� 04 4:83E� 05 2:87E� 06 6:43E� 06 235.13 82.63 17.64

0.1 0.1 32,370 40,852 1:21E� 05 6:87E� 05 2:04E� 06 2:59E� 06 79.86 21.38 21.22
0.5 31,919 36,368 79,931 4:66E� 05 2:72E� 06 6:00E� 06 188.09 75.11 14.60
1 31,965 36,814 84,417 5:19E� 05 3:68E� 06 1:15E� 07 360.93 136.67 16.25

0.5 0.1 6:82E� 05 6:97E� 05 8:41E� 05 2:17E� 06 9:68E� 06 2:01E� 07 29.50 23.92 3.17
0.5 6:81E� 05 6:88E� 05 7:51E� 05 1:37E� 06 6:53E� 06 2:81E� 07 41.30 37.48 2.00
1 6:82E� 05 6:88E� 05 7:50E� 05 1:36E� 06 6:79E� 06 3:82E� 07 56.06 50.98 1.99

1 0.1 5:26E� 06 5:29E� 06 5:53E� 06 7:87E� 06 2:47E� 07 6:29E� 07 11.95 11.37 1.49
0.5 5:26E� 06 5:27E� 06 5:36E� 06 6:26E� 06 1:45E� 07 6:15E� 07 11.68 11.47 1.19
1 5:26E� 06 5:27E� 06 5:35E� 06 6:16E� 06 1:38E� 07 6:80E� 07 12.92 12.71 1.17

2 0.1 4:19E� 07 4:19E� 07 4:25E� 07 4:75E� 07 8:99E� 07 2:42E� 08 5.77 5.70 1.13
0.5 4:19E� 07 4:19E� 07 4:21E� 07 4:37E� 07 5:91E� 07 1:71E� 08 4.07 4.05 1.04
1 4:19E� 07 4:19E� 07 4:20E� 07 4:33E� 07 5:56E� 07 1:58E� 08 3.77 3.76 1.03

762 MURRAY, GANDHI, AND KANG



observed that as the temperature increases and the polymer goes
through glass transition and softens, the tip deflection of the
multilayered beam increases. Overall, the analysis shows very good
comparison with the experiment, thereby establishing its validity.

V. Parametric Study Results and Discussion

For the parametric studies in this section, simulations were
conducted for a base beam made out of aluminum (Young’s
modulus, Eb � 70 GPa), with a length of 0.3 m, a width of
b� 0:02 m, and a thickness of tb � 0:005 m. The modulus of the
cover layers is Ec � �EEb, and the thickness of the cover layers is
tc � �ttb. Similarly, the shear modulus of the polymer layer is
G� �GEb (Poisson’s ratio of the polymer is assumed to be 0.435 for
calculation of its Young’s modulus Ep), and the thickness of the
polymer layers is tp � �ttb. As the temperature varies, the shear
modulus of the polymer layer can be varied. This corresponds to a
variation in the nondimensional parameter �G. Changes in effective
flexural stiffness for variation in�G are presented for different values
and over a wide range of nondimensional system parameters �E (0.1,
1, 10, and 100),�t (0.01, 0.05, 0.1, 0.5, 1, and 2), and�t (0.1, 0.5, and
1). Values of �G are considered from 10�6 to 10�1.

Results for a clamped–free beam are summarized in Table 1, and
results for a pinned–pinned beam are summarized in Table 2. For the
clamped–free beam, only the base beam is clamped at the root end.

Similarly, for the pinned–pinned beam, only the base beam is pinned
at the ends. In addition to the effective flexural stiffness [calculated
using Eq. (10a) for clamped–free and using Eq. (10b) for pinned–
pinned configurations], ratios of flexural stiffness for a change in �G
are also presented in Tables 1 and 2 (in the last 3 columns). The ratio
Kmax=Kmin represents the ratio of the effective flexural stiffness
corresponding to the maximum and minimum values of �G
considered. However, it should be noted that the maximum value
considered (10�1) and the minimum value (10�6) are 5 orders of
magnitude apart: much greater than the change in the polymer-layer
modulus that could typically be achieved due to a change in
temperature through glass transition. Typically, a change in the
polymer modulus of up to 2–3 orders of magnitude is achievable by
varying temperature through glass transition. The last two columns
in the tables present changes in effective flexural stiffness for change
in�G of 3 orders ofmagnitude. The ratioKmax=Kmax�3 represents the
flexural stiffness change when �G reduces from the maximum value
of 10�1 by 3 orders of magnitude to 10�4 (corresponding to a
relatively stiff polymer heated through glass transition), and the ratio
Kmin�3=Kmin represents flexural stiffness change when �G reduces
from 10�3 by 3 orders of magnitude to a minimum value of 10�6

(corresponding to a relatively soft polymer heated through glass
transition).

Results in Tables 1 and 2 are presented for a wide range of
parameter variations. The results for �E � 0:1 (modulus of the cover
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Fig. 7 Clamped–free beam effective flexural stiffness variation as a function of polymer-layer thickness �t and shear modulus �G for different cover-

layer properties.
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layer 1=10th the modulus of the base beam) are of least interest
because, intuitively, the change in flexural bending stiffness with
such a compliant cover layer would be smallest. This is borne out by
the results in the table (relative to stiffness variations observed with
higher values of �E). The results are retained in the tables for
completeness but are not discussed in the subsequent paragraphs.

From the results in Table 1 for the clamped–free beam, it is
observed that if the polymer is relatively stiff and undergoes a
modulus reduction of 3 orders ofmagnitude (�G going from�G;max of
10�1 to 10�4), it is possible to realize a change in effective flexural
stiffness of around 16–17 (for �E � 1, the cover-layer modulus is
equal to the base-beam modulus), 26–33 (for �E � 10, the cover-
layer modulus is 10 times greater than the base-beam modulus), and
62–72 (for �E � 100, the cover-layer modulus is 100 times greater
than the base-beammodulus). As �E increases (from 1 to 10 to 100),
the �t values required to realize the largest flexural stiffness variation
decrease. This implies that as the cover-layer modulus is increased,
its thickness can be reduced. For �E � 1, the largest flexural stiffness
variations (of 16–17 for the 3-order-of-magnitude change in �G) are
observed for �t of 0.5–1, which is a cover-layer thickness of 50–
100% of the base-beam thickness. However, for �E � 10, the largest
flexural stiffness variations (of 26–33 for the 3-order-of-magnitude
change in �G) are observed for �t of 0.1–0.5, which is a cover-layer
thickness of 10–50% of the base-beam thickness, and for �E � 100,
the largest flexural stiffness variations (of 62–72 for the 3-order-of-

magnitude change in �G) are observed for �t of 0.05–0.1, which is a
cover-layer thickness of 5–10% of the base-beam thickness.
Irrespective of the values of �E (1, 10, or 100) and �t (0.05, 0.1, 0.5,
or 1), larger flexural stiffness change is always observed when �t is
greatest (corresponding to a value of 1, as compared with values of
0.5 or 0.1, among those considered). Thus, a thicker polymer layer is
preferable.

If the polymer is relatively soft and undergoes amodulus reduction
of 3 orders of magnitude (�G going from 10�3 to �G;min of 10

�6), the
change in effective flexural stiffness is much smaller. From Table 1,
it is observed that the change in flexural stiffness is less than 5 for
�E � 1 (compared with 16–17 for the stiffer polymer), just over 5 for
�E � 10 (compared with 26–33 for the stiffer polymer), and no
greater than 6.4 for �E � 100 (compared with 62–72 for the stiffer
polymer). Additionally, it is observed that for any given value of �E,
the optimal cover-layer thickness (for the largest change in flexural
stiffness) is generally smaller for a softer polymer. FromTable 1, it is
seen that for �E � 1, the largest flexural stiffness change is obtained
for a cover-layer thickness that is 50% of the base-beam thickness
(�t � 0:5), compared with a cover-layer thickness ranging from 50–
100% of the base-beam thickness for the stiffer polymer. Similarly,
for �E � 10, the largest flexural stiffness change is obtained for a
cover-layer thickness that is 10% of the base-beam thickness
(�t � 0:1), compared with a cover-layer thickness ranging from 10–
50% of the base-beam thickness for the stiffer polymer. For
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Fig. 8 Pinned–pinned beam effective flexural stiffness variation as a function of polymer-layer thickness �t and shear modulus �G for different cover-

layer properties.
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�E � 100, the largest flexural stiffness change is obtained for a
cover-layer thickness that is 5–10% of the base-beam thickness
(�t � 0:05–0:1), the same as that for the stiffer polymer, but in this
case, a lower polymer-layer thickness is preferable (�t � 0:1), as
opposed to a higher polymer-layer thickness (�t � 1), which is
favored for the stiffer polymer.

Figures 7a–7d show a graphical representation of the effective
flexural stiffness as a function of polymer-layer thickness �t and
shear modulus �G for a selection of cover-layer parameter values.
Figures 7a and 7b correspond to �E � 1 (cover-layer modulus the
same as the base-beam modulus) and �t values of 0.5 and 1,
respectively (which showed the largest change in Keq for �E � 1).
Figures 7c and 7d correspond to �E � 10 (cover-layer modulus that
is 10 times the base-beam modulus) and �t values of 0.1 and 0.5,
respectively (which showed the largest change in Keq for �E � 10).
Similar plots for �E � 100 are not presented, because a cover-layer
modulus 100 times greater than the base-beam modulus is less
realistic (unless the base beam itself is very soft).

Results for a pinned–pinned beam are presented in Table 2. For a
relatively stiff polymer undergoing a modulus reduction of 3 orders
of magnitude (�G going from �G;max of 10

�1 to 10�4), it is possible to
realize a change in effective flexural stiffness of around 12–16 (for
�E � 1, the cover-layermodulus is equal to the base-beammodulus),
around 53 (for �E � 10), and 83–137 (for �E � 100). These are
somewhat higher than the corresponding changes for the clamped–
free case. As �E increases (from 1 to 10 to 100), the preferred �t
values (which yield the largest flexural stiffness changes) decrease.
For �E � 1, the largest flexural stiffness variations are observed for
�t of 0.5–1, which is a cover-layer thickness of 50–100%of the base-
beam thickness; for �E � 10, the best �t is 0.5; and for �E � 100, the
best �t ranges from 0.05–0.1. This observation that the cover-layer
thickness can be reduced as its modulus is increased is similar to that
for the clamped–free beam. As with the clamped–free case, the larg-
est flexural stiffness change is always observed when �t is greatest
(corresponding to a value of 1, as compared with values of 0.5 or 0.1,
among those considered, irrespective of the value of �E or �t).

As with the clamped–free case, the possible change in effective
flexural stiffness for a softer polymer undergoing a modulus
reduction of 3 orders of magnitude (�G going from 10�3 to �G;min of
10�6) is also examined. Table 2 shows possible changes in flexural
stiffness of around 12.4 for �E � 1 (compared with a change of less
than 5 for the clamped–free beam), around 14.8 for �E � 10
(compared with a change of just over 5 for the clamped–free case),
and around 21 for �E � 100 (compared with a change of up to 6.4 for
the clamped–free case). With a relatively soft polymer, the possible
changes in effective flexural stiffness are clearly significantly larger
for the pinned–pinned beam thanwith the clamped–free beam. Other
observations are generally similar to the clamped–free case, with
changes in flexural stiffness smaller than those possible with a stiffer
polymer, preferred cover-layer thickness generally smaller for a
softer polymer for�E values of 1 and 10, and preferred polymer-layer
thickness reducing (from �t � 1 for �E values of 1 and 10) to smaller
values (�t � 0:1) for �E � 100.

Figures 8a–8d show a graphical representation of the effective
flexural stiffness as a function of polymer-layer thickness �t and
shear modulus �G for a selection of cover-layer parameter values.
Figures 8a and 8b correspond to �E � 1 (cover-layer modulus the
same as the base-beam modulus) and �t values of 0.5 and 1,
respectively (which showed the largest change in Keq for �E � 1).
Figures 8c and 8d correspond to �E � 10 (cover-layer modulus that
is 10 times the base-beam modulus) and �t values of 0.1 and 0.5,
respectively (which showed the largest change in Keq for �E � 10).

VI. Conclusions

The ability to modulate the flexural bending stiffness of a
multilayer beam is examined in this paper. The multilayered beam
comprises a base layer with polymer layers on the upper and lower
surfaces and stiff cover layers. A change in flexural bending stiffness
of the beam is achieved by varying the shear modulus of the polymer
layers, which can be accomplished by heating the polymer through

glass transition A high polymer modulus couples the stiff cover
layers to the base beam, resulting in high overall flexural bending
stiffness. A reduction in the polymer modulus results in shear
deformation in the polymer layer and decoupling of the stiff cover
layers from the base beam. This results in a reduction of the flexural
bending stiffness.

A finite element analysis is developed for the multilayered beam
and its validity is verified experimentally. In the experiment, the
polymer layers are each divided into two sublayers and an electric
heating pad is embedded between. This is used to control the
temperature of the polymer layer. The measured and predicted tip-
displacement increases of a clamped–free beam show good
agreement as the temperature of the polymer layer is increased (and
its modulus is reduced).

The finite element analysis is then used to conduct a parametric
study and identify design features that will enable the largest change
in flexural bending stiffness with a finite change in the polymer-layer
modulus (of up to 3 orders of magnitude, which is typical of many
polymers undergoing glass transition). To achieve the largest change
in the flexural bending stiffness, the following observations could be
drawn from the parametric studies:

1) The highest possible cover-layer modulus is always preferred.
2) As the cover-layer modulus increases, its required thickness

decreases.
3) In general, stiffer polymers are preferred (compared with

polymers that are more compliant at low temperature in the glassy
state, undergoing the same reduction in shear modulus through glass
transition).

4) A higher polymer-layer thickness is generally preferred. The
only exception appeared to be the case when the polymer has a
relatively low shear modulus and the cover-layer modulus is very
high. In that case, a slightly larger change in flexural bending
stiffness was observed when the polymer layer was thinner.

5) For the best design parameters (within the range considered), a
change in flexural bending stiffness by a factor of over 70 for a
clamped–free beam and by a factor of over 130 for a pinned–pinned
beam was predicted.
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